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An Exactly Solvable Model for Dimension Six Higgs Operators and h→ γγ
Aneesh V. Manohar
Department of Physics, University of California at San Diego, La Jolla, CA 92093
An exactly solvable large N model is constructed which reduces at low energies to the Stan-
dard Model plus the dimension six Higgs-gauge operators g21H
†HBµνB
µν , g22H
†HW aµνW
aµν ,
g1g2H
†τaHW aµνB
µν , and ǫabcW aµ
νW bν
ρW cρ
µ. All other dimension six operators are suppressed by
powers of 1/N . The Higgs-gauge operators lead to deviations from the Standard Model h → γγ and
h→ γZ rates. A simple variant of the model can be used to also generate the Higgs-gluon operator
g23H
†HGAµνG
Aµν which contributes to the Higgs production rate via gluon fusion.
A scalar boson with a mass of ∼ 125GeV has recently
been discovered at the LHC, and it is important to study
its properties in a model-independent way. The Standard
Model provides a good description of the LHC data so
far, with no evidence for any new particles with masses
below ∼ 1TeV. A widely used starting point for analysis
is to assume that the theory at 125GeV is the Standard
Model including a fundamental scalar doublet, and all
new physics effects are characterized by higher dimension
operators involving Standard Model fields.
A recent paper [1] considered the impact of dimension-
six operators on the Higgs decay rate. The theory con-
sidered was the Standard Model plus the dimension six
Hamiltonian
H(6) = −L(6) = cGOG + cBOB + cWOW + cWBOWB
(1)
generated by new physics at some scale Λ, where
OG = g
2
3
2Λ2
H†HGAµνG
Aµν , OB = g
2
1
2Λ2
H†HBµνB
µν ,
OW = g
2
2
2Λ2
H†HW aµνW
aµν , OWB = g1g2
2Λ2
H†τaHW aµνB
µν .
(2)
using the notation of Refs. [2, 3]. These operators give
amplitudes which can interfere constructively or destruc-
tively with the Standard Model amplitudes for gg → h,
h→ γγ, h→ Zγ, etc.. The phenomenology of the oper-
ators in Eq. (2), including constraints from recent LHC
measurements of the Higgs decay rates, and from preci-
sion electroweak constraints, was studied in Ref. [1].
This paper constructs an exactly soluble model which
generates the dimension six Higgs operators in Eq. (2),
with arbitrary coefficients consistent with the effective
theory power counting. It also provides an explicit re-
alization of the Lagrangian given in the appendix of
Ref. [4].
The set of all dimension-six operators in the Standard
Model was classified in Ref. [5]. There are 59 indepen-
dent ones after redundant operators are eliminated by
the equations of motion. The operators not involving
fermions are the ones listed in Eq. (2), their CP -odd
partners O˜G, O˜B , O˜W , O˜WB , four pure gauge operators
of which two are CP even and two are CP odd,
OG3 = f
ABCGAµ
νGBν
ρGCρ
µ, O˜G3 = f
ABCG˜Aµ
νGBν
ρGCρ
µ,
OW 3 = ǫ
abcW aµ
νW bν
ρW cρ
µ, O˜W 3 = ǫ
abcW˜ aµ
νW bν
ρW cρ
µ,
(3)
and three more operators involving the Higgs field,
OH =
(
H†H
)3
,
OH =
(
H†H
)
∂2
(
H†H
)
,
OHD =
(
H†DµH
)† (
H†DµH
)
. (4)
The exactly soluble model given here is a large-N ver-
sion of that constructed in Ref. [3]. It produces the CP
conserving operators in Eq. (2) with arbitrary order one
coefficients, and the operator OW 3 , and does not gener-
ate any other dimension six operators at leading order in
1/N .
Consider the Standard Model plus an additional scalar
field Sα which is a weak SU(2) doublet with hypercharge
YS , and transforms as the N dimensional representation
of an internal SU(N) global symmetry. Sα is a two com-
ponent column vector, and α = 1, . . . , N . The theory is
given by
L = LSM +DµS†αDµSα − V, (5)
the usual Standard Model Lagrangian LSM, the Sα ki-
netic energy term, and the potential
V = m2SS
†αSα +
λ1
N
H†H S†αSα +
λ2
N
H†τaH S†ατaSα
+
λ3
N
S†αSα S
†βSβ +
λ4
N
S†ατaSα S
†βτaSβ (6)
where the Standard Model Higgs potential
λ
(
H†H − v2/2)2 is part of LSM. The Lagrangian
is the most general renormalizable one consistent with
the symmetries. Yukawa couplings of S to the Standard
Model fermions are forbidden by SU(N) invariance.
We assume that m2S > 0, so that SU(N) is not spon-
taneously broken and the scalar mass mS is larger
than the electroweak scale v ∼ 246 GeV, so that the
new interactions can be treated as higher dimension
operators at the electroweak scale.
2The large-N limit of the theory is taken in the standard
way [6]. One treats the theory in a perturbative expan-
sion in the electroweak couplings g ∼ g1,2, i.e. one first
expands in powers of g and then takes the N →∞ limit.
This is the usual method of computing weak decays in
QCD using the 1/N expansion [7].1
The method of Refs. [6, 8, 9] is used to solve the theory.
Add to V the dimension two auxiliary fields Φ and Ψa
which are real SU(2) singlet and triplet fields with Y = 0,
V → V − λ3N
4
(
2
N
S†αSα +
m2S
λ3
+
λ1
λ3N
H†H − Φ
λ3
)2
− λ4N
4
(
2
N
S†ατaSα +
λ2
λ4N
H†τaH − Ψ
a
λ4
)2
(7)
The auxiliarly field equations of motion are
Φ = m2S +
λ1
N
H†H ++
2λ3
N
S†αSα
Ψa =
λ2
N
H†τaH +
2λ4
N
S†ατaSα (8)
which can be used to eliminate them and give back the
original Lagrangian Eq. (6).
In weak coupling, the scalar mass m2S is 〈Φ〉. We
will therefore use 〈Φ〉 as the scale of new physics Λ in
Eq. (1) and to normalize the operators in Eq. (2). Using
(H†τaH)2 = (H†H)2, the new potential Eq. (7) is
V =
N
2λ3
m2SΦ−
N
4λ3
Φ2 − N
4λ4
ΨaΨa +
λ1
2λ3
H†HΦ
+
λ2
2λ4
H†τaHΨa +ΦS†αSα +Ψ
aS†ατaSα − Nm
4
S
4λ3
− λ1
2λ3
m2SH
†H − (H†H)2( λ21
4λ3N
+
λ22
4λ4N
)
(9)
The last term, which is subleading in 1/N , as well as the
cosmological constant term, can be dropped.
The field Sα is now integrated out. This can be done
exactly in the large-N limit [6] to give an effective action
which is an expansion in powers of H , Φ and Ψa. The
Higgs field H does not couple directly to S in Eq. (9), so
the S functional integral generates terms which only de-
pend on Φ and Ψa. The effective action has a derivative
expansion in inverse powers of mS , which will turn into
a derivative expansion in inverse powers of 〈Φ〉. The in-
frared divergences are controlled by 〈Φ〉, since the theory
is in the phase where the SU(N) symmetry is unbroken
and the S-sector is massive.
At zero derivatives, one gets the Coleman-Weinberg
effective potential [10] in the MS scheme
VCW =
1
64π2
Tr
(
M2
)2 [−3
2
+ log
M2
µ2
]
(10)
1 The expansion has terms of order (g2N)r , so we take the limit
g2 → 0 first, followed by N → ∞. Equivalently, N ≫ 1, and
g2N ≪ 1.
where [
M2
]
ab
=
∂2V
∂φa∂φb
(11)
and φa = ReSα,i, ImSα,i are the scalar fields. For the
interaction in Eq. (9), M2 has eigenvalues Φ±Ψ, Ψ2 =
ΨaΨa, each twice, so that
V =
N
2λ3
(
m2S +
λ1
N
H†H
)
Φ− N
4λ3
Φ2 − N
4λ4
ΨaΨa
+
λ2
2λ4
H†τaHΨa
+
∑
±
N
32π2
(Φ±Ψ)2
[
−3
2
+ log
Φ±Ψ
µ2
]
(12)
on integrating out the Sα field. This potential is exact
in the large N limit. V is quadratic in Ψ. From the
renormalization group (RG) equation for V , one finds
that
Φ, Ψa,
1
λ3
(
m2S +
λ1
N
H†H
)
,
λ2
λ4
H†τaH (13)
are µ independent2 and the exact β-functions are
µ
dλ3
dµ
=
λ23
2π2
, µ
dλ4
dµ
=
λ24
2π2
. (14)
Introduce the parameters Λ3,4 in place of λ3,4(µ),
1
λ3(µ)
=
1
4π2
log
Λ23
µ2
,
1
λ4(µ)
=
1
4π2
log
Λ24
µ2
, (15)
which are RG invariant. They are the scales at which
λ3,4 have a Landau pole, and at which the scalar the-
ory breaks down. For consistency, we need Λ3,4 > 〈Φ〉.
New physics has to enter below Λ3,4 for the theory to be
valid to arbitarily high energies. For example Sα could
be scalar fields generated by strong dynamics, or new in-
teractions could enter which make the scalar couplings
asymptotically free. We also define [9]
m
2
S =
m2S
λ3
(16)
which is RG invariant, from Eq. (13).
The effective action can be computed exactly in the
large N limit [11–15] in a derivative expansion. The
terms which generate operators with dimension ≤ 6
in the Standard Model with coefficients that are non-
vanishing in the N →∞ limit are
LS = N
96π2 (Φ)
[∂µΦ∂
µΦ +DµΨ
aDµΨa]
+
N
384π2
(
log
Φ
µ2
)[
W aµνW
aµν + 4Y 2SBµνB
µν
]
+
N
192π2 (Φ)
YSΨ
aW aµνBµν +O(g3) (17)
2 RG invariance refers to the dynamics of Sα. The Standard Model
fields are treated as external background fields.
3where the gauge fields have been normalized so that the
covariant derivative is Dµ = ∂µ + iW
a
µTa + iBµY . Φ is
a gauge singlet, and has an ordinary derivative. Ψa is in
the I = 1 representation of SU(2)W with Y = 0, and has
a covariant derivative
DµΨ
a = ∂µΨ
a + i (T c)abW
c
µΨ
b, (T c)ab = −iǫcab (18)
It is instructive to analyze Eq. (17) at weak coupling.
Let
Φ = m2S +
4
√
3πmS√
N
σ, Ψa =
4
√
3πmS√
N
Σa (19)
The σ and Σa are dimension one fields with a canonically
normalized kinetic energy term, and
LS = 1
2
∂µσ∂
µσ +
1
2
DµΣ
aDµΣa
+
N
384π2
(
log
m2S
µ2
)[
W aµνW
aµν + 4Y 2SBµνB
µν
]
+
√
N
32
√
3πmS
σ
[
W aµνW
aµν + 4Y 2SBµνB
µν
]
+
√
NYS
16
√
3πmS
ΣaW aµνBµν +O(g3) . (20)
The effective action can be computed at weak coupling
from the graphs in Fig. 1, which add up to give the gauge
invariant structure in Eq. (20).
The one-loop effective action generates kinetic energy
terms for σ,Σa, given in the first line. The second line
gives the threshold correction between the gauge cou-
plings gh in the theory above mS and gl in the theory
below mS ,
− 1
4g2l,2(µ)
= − 1
4g2h,2(µ)
+
N
384π2
log
m2S
µ2
,
− 1
4g2l,1(µ)
= − 1
4g2h,1(µ)
+
N
384π2
4Y 2S log
m2S
µ2
, (21)
for the SU(2) and U(1) coupling constants. The discon-
tinuity in coupling matches the Sα contribution to the β-
functions, which exists abovemS , but not below. The re-
maining terms are σW aµνW
aµν , σBµνB
µν and ΣaW aµνBµν
interactions.
The scalar potential Eq. (12) becomes
V = −12π2m2S
(
σ2
λ3
+
ΣaΣa
λ4
)
+
2
√
3 π√
N
(
λ1
λ3
σH†H +
λ2
λ4
ΣaH†τaH
)
(22)
which has mass terms for σ and Σa (with the wrong sign,
but it does not matter, they are auxiliary fields), and
couplings of σ and Σa to the Higgs doublet. Integrating
out the auxilary fields generates the operators Eq. (2) via
the graph in Fig. 2
We can now integrate out Φ,Ψa exactly, by doing
the functional integral using the method of steepest de-
scent [11]. The minimum 〈Φ〉 is at
Φ log
Φ
µ2
− Φ+ 4π
2
λ3
(
m2S +
λ1
N
H†H
)
− 4π
2
λ3
Φ = 0.
(23)
Dropping the 1/N term, and using Eq. (15,16), gives3
〈Φ〉
eΛ23
log
〈Φ〉
eΛ23
+
4π2m2S
eΛ23
= 0 (24)
in terms of RG invariant parameters. Instead of choosing
mS as the Lagrangian parameter, and solving Eq. (24)
for 〈Φ〉, we can use 〈Φ〉 as the free parameter and then
determine mS from Eq. (24). mS → 0 as 〈Φ〉 → 0. As
〈Φ〉 increases, so does mS , and 2πmS → Λ3 as 〈Φ〉 → Λ23.
Eq. (24) implies that mS decreases again for 〈Φ〉 > Λ3[8,
9], but this is above the Landau pole, and the theory is
not valid in this regime.
Evaluating the functional integral around 〈Φ〉 gives
LS = N
384π2
[(
log
〈Φ〉
µ2
)(
W aµνW
aµν + 4Y 2SBµνB
µν
)]
+
λ1
2λ3
(
λ3m
2
S − 〈Φ〉
)
H†H
+
λ1
96 〈Φ〉λ3 log Λ
2
3
〈Φ〉
H†H
(
W aµνW
aµν + 4Y 2SBµνB
µν
)
+
λ2YS
48 〈Φ〉λ4 log Λ
2
4
〈Φ〉
H†τaHW aµνBµν
+
Ng32
2880π2 〈Φ〉ǫ
abcW aµ
νW bν
ρW cρ
µ . (25)
There are also terms at higher order in the derivative
expansion which have not been computed here. The first
term in Eq. (25) gives the strong-coupling version of the
threshold correction Eq. (21). The second term is a shift
in the Higgs mass proportional to the Sα mass, and can
be absorbed into the v2 term in the Higgs potential in
LSM.
Using Λ = 〈Φ〉 ∼ m2S > v as the scale in Eq. (2), we see
that we have generated the Standard Model Lagrangian
plus the three CP -even dimension six operators in Eq. (1)
with coefficients
cW =
(λ1/λ3)
48 log
Λ2
3
〈Φ〉
,
cB =
(λ1/λ3)Y
2
S
12 log
Λ2
3
〈Φ〉
,
cWB =
(λ2/λ4)YS
24 log
Λ2
4
〈Φ〉
, (26)
3 e = 2.71828 . . ..
4FIG. 1. Graphs contributing to the dimension six effective action. The internal lines are Sα scalar fields. The external lines
are Φ, Ψa and gauge fields.
H
H
σ, Σ
FIG. 2. Graph generating the h→ γγ amplitude.
and the OW 3 operator with coefficient
cW 3 =
Ng32
2880π2 〈Φ〉 . (27)
All other dimension six operators are subleading in 1/N .
The ratios (λ1/λ3) and (λ2/λ4) are RG invariant under
Sα dynamics with the Standard Model fields treated as
background fields, from Eq. (13).
The linear combinations of coefficients relevant for h→
γγ and h→ γZ decays are
cγγ = cW + cB − cWB ,
cγZ = cW cot θW − cB tan θW − cWB cot 2θW . (28)
The operator cWB is constrained by the S-parameter [16–
19],
S = −8π2v2 cWB
Λ2
. (29)
From Eq. (26), we see that we can get order unity values
of cW , cB and cWB. The phenomenology of the Higgs-
gauge operators was discussed in detail in Refs. [1–3].
There is one relation that follows from Eq. (26),
cB = 4Y
2
S cW , (30)
if we restrict to the model considered here with a single
scalar multiplet with hypercharge YS . One can construct
trivial generalizations of the large N model with multi-
ple heavy scalar fields, which can have different hyper-
charges, and can also be colored. In this case, one can
also generate the gluon term cG, as in the octet scalar
model of Ref. [3], and the cB − cW relation no longer
holds.
The large N calculation drops terms of order 1/N ,
as well as higher order radiative corrections of order
g22N/(16π
2). For finite N , the neglected terms are small
if 1 ≪ N ≪ 400. It would be interesting to explore the
full parameter space of scalar couplings and masses where
the potential is stable and mS is below the Landau pole,
to determine the allowed region for cW , cB and cWB.
The Sα interactions break custodial SU(2) symmetry,
since Sα is in a complex representation of SU(N), and
the real and imaginary parts of Sα cannot be combined
to form an O(4) vector, as is possible for the Higgs field.
This does not affect the standard relations such asMW =
MZ cos θW that follow from custodial SU(2) symmetry in
the Higgs sector. Custodial SU(2) symmetry violation
due to Sα interactions only arise from higher dimension
operators. One can also study variants of the theory
with SO(N) symmetry, or double the Sα fields to have
a O(4) × SU(N) symmetry. In these variants, custodial
SU(2) can be incorporated in the S potential.
The model has threshold corrections to the gauge cou-
5plings, Eq. (21), which affects gauge unification. This was
studied in Ref. [2]. In general, all theories that introduce
new dynamics will modify the standard unification sce-
nario, which has perturbative unification with a desert
up to the GUT scale.
Finally, the model needs a fine tuning of order 1% to
keep mH small compared to the scale Λ ∼ mS , since
there is contribution to m2H ∝ m2S in Eq. (25). While not
desirable, this is not worse than fine-tunings required in
many models proposed to solve the hierarchy problem.
The H mass term and dimension six operators have dif-
ferent dependence on the RG invariant parameters, so
theories with additional S multiplets can cancel the mH
contribution without cancelling the Higgs-gauge opera-
tors, if the parameters satisfy
∑
i
λ1,imS
2
,i −
λ1,i
λ3,i
〈Φi〉 = 0 . (31)
This cancellation condition is not adjusted order-by-
order in perturbation theory, since Eqs. (25,31) are exact
at leading order in 1/N . The Higgs mass is then light
because it is 1/N suppressed.
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